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FINITE ORBIT POINTS FOR SETS OF QUADRATIC POLYNOMIALS
WADE HINDES
Abstract. Let S = {x2 + c1, x
2 + c2, . . . , x
2 + cs} be a set of quadratic polynomials with
rational coefficients, and let P be a rational basepoint. We classify the pairs (S, P ) for
which P has finite orbit for S, assuming that the maximum period length for each individual
polynomial is at most three (conjectured by Poonen). In particular, under these hypotheses
we prove that if s ≥ 4, then there are no points P with finite orbit for S. Moreover, we
use this perspective to formulate an analog of the Morton-Silverman Conjecture for sets of
rational functions.
1. Introduction
Let S be a set of rational functions with coefficients in a number field K, and let MS be
the monoid of all functions obtained by composing finitely many elements of S:
MS =
{
ρ ∈ K(x) : ρ = (φn ◦ φn−1 ◦ · · · ◦ φ1) for φi ∈ S, n ∈ N
}
.
Then given a basepoint P ∈ P1(K) we define the orbit of P with respect to S to be,
OrbS(P ) :=
{
ρ(P ) ∈ P1(K) : for ρ ∈MS
}
.
As with the case when S contains a single function, where we can view the monoid MS as
inducing a discrete dynamical system on P1(K), we may study the set of finite orbit points
for S, i.e., the set of points P ∈ P1(K) such that OrbS(P ) is a finite set. In particular, it
follows from Northcott’s theorem (applied to a single function) that the set of finite orbit
points for S (over a fixed K) is finite whenever S contains a function of degree at least two;
see [12, Theorem 3.12]. On the other hand, if the maps in S are sufficiently “dynamically
independent”, then one expects that there can be no points with finite orbit for S. We test
this heuristic when S is a set of quadratic polynomials and K = Q; see Theorem 1.1 below.
However, before we can discuss our results we need some additional notation. Given a
rational map φ ∈ K(x) and an integer n ≥ 1, let Per∗∗n (φ,K) denote the set of points in
P1(K) of exact period n for φ. That is, Per∗∗n (φ,K) denotes the set of points P such that
φn(P ) = P and φm(P ) 6= P for all m < n; see [12, §4.1]. In particular, it follows again from
Northcott’s theorem that Per∗∗n (φ,K) is empty for all n sufficiently large; here we assume
that deg(φ) ≥ 2. With this in mind, we define the quantity
µS(K) = sup
{
n : Per∗∗n (φ,K) 6= ∅ for some φ ∈ S
}
,
to be the maximum exact K-period length over all maps in S. In particular, the main result
of this paper states that if S is a set of quadratic polynomials over the field K = Q, then
there are no points P ∈ Q with finite orbit for S, as long as µS(Q) is not too large:
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Theorem 1.1. Let S = {x2 + c1, x
2 + c2, . . . , x
2 + cs} for some distinct ci ∈ Q, and suppose
that µS(Q) ≤ 3. Then the following statements hold:
(1) If #S = 3 and P ∈ Q has finite orbit for S, then
S =
{
x2 −
5
16
, x2 −
13
16
, x2 −
21
16
}
and P ∈
{
±
1
4
, ±
3
4
, ±
5
4
}
or
S =
{
x2 +
3
16
, x2 −
5
16
, x2 −
13
16
}
and P ∈
{
±
1
4
, ±
3
4
}
.
(2) If #S ≥ 4, then there are no points P ∈ Q with finite orbit for S.
As an application, we note that Theorem 1.1 holds without assumptions on µS(Q) when
the polynomials in S have integral coefficients. To see this, combine [12, Exercise 2.20] and
[8, Theorem 4] to deduce that µS(Q) ≤ 2 in this case.
Corollary 1.2. Let S = {x2 + c1, x
2 + c2, . . . , x
2 + cs} for some distinct ci ∈ Z. If #S ≥ 3,
then there are no points P ∈ Q with finite orbit for S.
Remark 1.3. Note that Corollary 1.2 is sharp. For instance, if y ∈ Z satisfies y ≡ ±1 (mod 4),
then the pair (S, P ) given by
S =
{
x2 +
1− y2
4
, x2 +
−3− y2
4
}
and P =
1 + y
2
has finite orbit; see Lemma 2.3 below.
On the other hand, the assumption that µS(Q) ≤ 3 is believed to hold in general. Specif-
ically, Poonen has conjectured that the maximum rational period length of a quadratic
polynomial with rational coefficients is three:
Conjecture 1.4 (Poonen [11]). There are no c ∈ Q such that φ(x) = x2+c has a Q-rational
periodic point with exact period greater than three.
Remark 1.5. Some evidence for Poonen’s conjecture is as follows. It has been verified for
all c ∈ Q with height at most 108; see [6]. Moreover, it is known that there are no rational
c values with rational periodic points of exact period 4 and 5; see [8] and [4] respectively.
Likewise, assuming the BSD conjecture for a single curve of genus 4, there are no rational
points of exact period 6; see [13]. In particular, Theorem 1.1 remains true unconditionally
with the hypothesis µS(Q) ≤ 5.
In particular, Poonen’s Conjecture and Theorem 1.1 together imply that there are no
rational points with finite orbit whenever S contains at least four quadratic polynomials:
Conjecture 1.6. Let S = {x2+c1, x
2+c2, . . . , x
2+cs} for some distinct ci ∈ Q. If #S ≥ 4,
then there are no points P ∈ Q with finite orbit for S.
Moreover, as with Poonen’s conjecture and preperiodic points in general, we can rephrase
the results and conjectures above in terms of height functions. Namely, for a fixed map
φ, it is well known that there is a canonical height function hˆφ : P
1 → R whose kernel is
exactly the points of finite orbit for φ; see [12, Theorem 3.22]. Similarly, if S is a height
controlled collection of maps and ν is any positive probability measure on S (see [5, §1.1]),
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then the author et. al. showed that there exists a height function Eν [hˆ] : P
1 → R whose
kernel is exactly the set of finite orbit points for S (as defined above); see [5, Corollary 1.4].
In particular, such a height function exists [7] for any finite collection of maps S and any
positive probability measure ν on S; here positive means that ν(φ) > 0 for all φ ∈ S. Hence,
we can restate Theorem 1.1 in terms of heights as follows:
Theorem 1.7. Let S = {x2 + c1, x
2 + c2, . . . , x
2 + cs} for some distinct ci ∈ Q and let ν be
any positive probability measure on S. If µS(Q) ≤ 3 and #S ≥ 4, then{
P ∈ P1(Q) : Eν [hˆ](P ) = 0
}
= {∞}.
Equivalently, there are no affine rational points of expected height zero for S.
Moreover, we can similarly characterize Corollary 1.2 and Conjecture 1.6 in terms of
heights: replace “points P with finite orbit for S” with “points P with Eν [hˆ](P ) = 0.”
Finally, with Theorem 1.1, Conjecture 1.6, and [12, Conjecture 3.15] in mind, we make the
following conjecture, which may be viewed as an analog of the Morton-Silverman Conjecture
[9] (concerning finite orbit points for a single map) for sets of maps.
Conjecture 1.8. Let S = {φ1, φ2, . . . , φs} be a set of rational maps defined over a number
field K such that 2 ≤ deg(φ) ≤ d for all φ ∈ S. Then there exist constants B = B(K, d) and
C = C(K, d), depending only on K and d, such that if #S ≥ C, then there are at most B
points P ∈ P1(K) of finite orbit for S. Equivalently, if ν is any positive probability measure
on S and #S ≥ C, then
(1) #
{
P ∈ P1(K) : Eν [hˆ](P ) = 0
}
≤ B.
That is, there are at most B points of expected height zero for S.
Remark 1.9. It is worth pointing out that Conjecture 1.8 follows from [12, Conjecture 3.15]:
simply use for B the uniform bound on the number of preperiodic points for a single map
in S provided by [12, Conjecture 3.15] and set C = 1. However, in the author’s opinion,
Conjecture 1.8 is more tractable - there are more (at the very least, different) tools at
one’s disposal when one is allowed to add maps to the monoid MS; see the proofs of the
classification results for two maps with finite orbit points in Section 2.
On the other hand, it follows from [1, Corollary 1.3] that there are finitely many algebraic
points of finite orbit for S whenever the maps in S have distinct Julia sets, subject of course
to some embedding of the ground field K into the complex numbers; see [12] for the relevant
background material on Julia sets. In particular, it would be interesting to know if a version
of Conjecture 1.8, specifically the bound in (1), holds for the number of Q¯-finite orbit points
for S, assuming that the maps in S have distinct Julia sets and bounded degree, and that
the cardinality of S is sufficiently large. However, we have not thought about this problem
enough to warrant any formal statement or conjecture.
Finally, for those readers interested in additional work on arithmetic aspects of monoid
dynamics, see [2, 3, 10]. We now proceed with the proof of Theorem 1.1. In particular, we
rely heavily upon the computer algebra system Magma throughout. Our computations and
codes can be found at:
https : //sites.google.com/a/alumni.brown.edu/whindes/research
Acknowledgements: It is a pleasure to thank Vivian Olsiewski Healey, Trevor Hyde,
Giacomo Micheli, and Joseph Silverman for discussions related to the work in this paper.
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2. Pairs of maps with finite orbit points
We begin with several classification results for pairs of quadratic polynomials S = {f1, f2}
with a point of finite orbit. The main idea throughout is to compute a Gro¨bner basis for the
ideals in Q[c1, c2] generated by several polynomials of the form f
n1
1 (f
n2
2 (P ))− f
n3
1 (f
n2
2 (P ));
here the iterates ni are chosen according to the classification results in [11]. As we will see,
P is (usually) a polynomial in Q[c1, c2] also chosen according to the main results in [11].
Remark 2.1. For the Magma codes verifying the calculations in this section, see the file named
Two maps with points of finite orbit at the website mentioned in the introduction.
We begin with a classification result for sets of quadratic polynomials S = {f1, f2} pos-
sessing a specified finite orbit point when both f1 and f2 have rational fixed points.
Lemma 2.2. Let S = {f1, f2} with f1 = x
2+c1 and f2 = x
2+c2 for some distinct c1, c2 ∈ Q.
If S has the following properties:
(1) µS(Q) ≤ 3,
(2) f1 and f2 both have rational fixed points,
(3) a fixed point P ∈ Q of f1 has finite orbit for S,
then at least one of the following statements holds:
(a) (c1, c2, P ) =
(
1−y2
4
, 1−(y+2)
2
4
, 1+y
2
)
for some y ∈ Q,
(b) (c1, c2, P ) =
(
t4−18t2+1
4(t2−1)2
, −3t
4
−10t2−3
4(t2−1)2
, t
2+4t−1
2(t2−1)
)
for some t ∈ Q,
(c) (c1, c2) ∈
{(
− 21
16
,− 5
16
)
,
(
3
16
, −5
16
)}
.
Proof. We note first that if f = x2 + c for some c ∈ Q and f has a rational fixed-point
P ∈ Q, then (c, P ) = (1−y
2
4
, 1+y
2
) for some y ∈ Q. This follows easily from an examination of
the quadratic equation 0 = f(x)− x = x2− x+ c and determining when this equation has a
rational root P , i.e., when the discriminant of x2 − x+ c is a rational square. In particular,
we may assume that:
c1 =
1− y2
4
, P =
1 + y
2
, c2 =
1− z2
4
for y, z ∈ Q.
We need not keep track of the fixed point of f2, since we make no assumptions about the
action of S on it. On the other hand, since P is assumed to have finite orbit for S, it must
be the case that P is preperiodic for f2 and Q := f
2
2 (P ) is preperiodic for f1. In particular,
since µS(Q) ≤ 3 and both f1 and f2 have rational fixed points, Theorems 1, 2, and 3 of [11]
together imply that
(2) f 42 (P )− f
2
2 (P ) = 0 and f
4
1 (Q)− f
2
1 (Q) = 0;
the key point here is that the classification theorems in [11] imply that all rational preperiodic
points (of maps with rational fixed points) enter a fixed point or 2-cycle after two iterates,
assuming µS(Q) ≤ 3.
We now view the rational numbers y, z ∈ Q as specializations of the variables y and z,
and let F1(y, z) = f
4
2,z(Py)−f
2
2,z(Py) and F2(y, z) = f
4
1,y(Qy,z)−f
2
1,y(Qy,z) be polynomials in
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Q[y, z]; here we use subscripts to emphasize on what variables the various functions depend
(in the proof of Lemma 2.2 only). Now, we compute with Magma that the polynomial
F (y, z) := Gz(y− z)(y+ z)(y− z+ 2)(y+ z+ 2)(y
2 − z2 + 4)(y2 + 4y− z2 + 8)
is in the Q[y, z]-ideal generated by F1(y, z) and F2(y, z) (by computing a Gro¨bner basis for
this ideal); here Gz ∈ Q[z] is a polynomial in the variable z alone of degree 28. In particular,
it follows from (2) that a rational pair (y, z) ∈ Q2 associated to a finite orbit tuple (c1, c2, P )
as in Lemma 2.2 must satisfy F (y, z) = 0. On the other hand, we compute with Magama that
the only rational roots of Gz are z =±1,±2,±3/2. Therefore, such a pair (y, z) ∈ Q
2 must
satisfy:
z ∈
{
± 1,±2,±3/2
}
, z = ±y, z = ±(y + 2), y2 − z2 = −4, or y2 + 4y − z2 = −8.
However, note that if z = ±y, then c1 = c2, an immediate contradiction. We proceed to
evaluate the other possibilities. Suppose first that y = ±(y + 2). Then, in either case, the
tuple (c1, c2, P ) takes the form:
(3) (c1, c2, P ) =
(1− y2
4
,
1− (y + 2)2
4
,
1 + y
2
)
for y ∈ Q.
Moreover, it is straightforward to check that the set {P,−P, f2(P ), f1(f2(P ))} is stable under
the action of S. In particular, (c1, c2, P ) is a finite orbit tuple in this case.
Suppose next that y2 − z2 = −4. Since, y2 − z2 = −4 is a rational curve with a rational
point (0, 2), we may parametrize its rational points via
(y, z) =
( 4t
t2 − 1
,
2t2 + 2
t2 − 1
)
for t ∈ Q.
In particular, with this parametrization the tuple (c1, c2, P ) takes the form:
(c1, c2, P ) =
(
t4 − 18t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
t2 + 4t− 1
2(t2 − 1)
)
for t ∈ Q.
Moreover, we compute with Magma that the finite set
{
P,−P, f2(P ), f1(f2(P ))
}
is stable
under the action of S. In particular, (c1, c2, P ) is a finite orbit tuple in this case.
Suppose next that y2 + 4y − z2 = −8. Since, y2 + 4y − z2 = −8 is a rational curve with a
rational point (−2, 2), we may parametrize its rational points via
(y, z) =
(−2t2 + 4t+ 2
t2 − 1
,
2t2 + 2
t2 − 1
)
for t ∈ Q.
In particular, with this parametrization the tuple (c1, c2, P ) takes the form:
(c1, c2, P ) =
(
−3t4 + 16t3 − 10t2 − 16t− 3
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−t2 + 4t+ 1
2(t2 − 1)
)
for t ∈ Q.
However, since P has finite orbit for S, so does W := f2(P ). In particular, W must be
preperiodic for f1. Therefore, Theorems 1, 2, and 3 of [11] together imply that f
4
1 (W ) −
f 21 (W ) = 0. However, this expression is in t alone, and we check with Magma that t = 0 is
the only rational solution of this equation. Therefore, we may assume that t = 0. However,
in this case c1 = −3/4 = c2, a contradiction.
Finally, suppose that z ∈
{
± 1,±2,±3/2
}
and let I be the Q[y, z]-ideal generated by
F1(y, z) and F2(y, z). We compute a Gro¨bner basis {B1(y, z), B2(y, z), B3(y, z)} for I with
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Magma; in fact, the function F (y, z) above is B3(y, z). In particular, since every element of
I must vanish at (z, y), a pair of rational numbers associated to a finite orbit tuple tuple
(c1, c2, P ) as in Lemma 2.2, the polynomials B1(y, z) ∈ Q[y] for z ∈
{
± 1,±2,±3/2
}
must
vanish at their corresponding y value. However, we compute with Magma the possible rational
roots of these six polynomials and deduce that
z ∈
{
± 1,±2,±3/2
}
implies y ∈
{
0,±1,±2,±1/2,±3/2,−3,−4,−7/2,−5/2
}
.
On the other hand, B2(y, z) and B3(y, z) must also vanish at the pairs above, and among the
pairs where this is so, all but those associated to (c1, c2) =
(
− 21
16
,− 5
16
)
and (c1, c2) =
(
3
16
,− 5
16
)
are accounted for in the finite orbit family, (c1, c2, P ) =
(
1+y2
4
, 1−(y+2)
2
4
, 1+y
2
)
, analyzed in (3)
above. This completes the proof of Lemma 2.2. 
We next prove a classification result for sets of quadratic polynomials S = {f1, f2} pos-
sessing a specified finite orbit point when f1 has a rational fixed point and f2 has a rational
point of period two.
Lemma 2.3. Let S = {f1, f2} with f1 = x
2+c1 and f2 = x
2+c2 for some distinct c1, c2 ∈ Q.
If S has the following properties:
(1) µS(Q) ≤ 3,
(2) f1 has a rational fixed point and f2 has a rational point of period two,
(3) a fixed point P ∈ Q of f1 has finite orbit for S,
then at least one of the following statements holds:
(a) (c1, c2, P ) =
(
1−y2
4
, −3−y
2
4
, 1+y
2
)
for some y ∈ Q,
(b) (c1, c2, P ) =
(
−15t4−2t2+1
4(t2−1)2
, −3t
4
−10t2−3
4(t2−1)2
, −3t
2
−1
2(t2−1)
)
for some t ∈ Q,
(c) (c1, c2) ∈
{(
− 5
16
,−13
16
)
,
(
− 21
16
,−13
16
)}
.
Proof. We note first that if f = x2 + c for some c ∈ Q and f has a rational fixed-point
P ∈ Q, then (c, P ) = (1−y
2
4
, 1+y
2
) for some y ∈ Q. Likewise, if f = x2 + c has a point W ∈ Q
of exact period two, then (c,W ) =
(
−(3+z2)
4
, −1+z
2
)
for some z ∈ Q. These characterizations
follow easily from examining the equations x2 + c− x = 0 and (x2 + c− x)(x2 + x+ c+1) =
(x2+c)2+c−x = 0 respectively. In particular, since all the polynomials involved are quadratic
in x, they have rational roots if and only if their discriminants are rational squares. Hence,
we may assume that:
c1 =
1− y2
4
, P =
1 + y
2
, c2 =
−(3 + z2)
4
for some y, z ∈ Q;
we need not keep track of the rational point of period two for f2, since we make no assump-
tions about the action of S on it. On the other hand, since P is assumed to have finite orbit
for S, it must be the case that P is preperiodic for f2 and Q := f
2
2 (P ) is preperiodic for f1.
In particular, since µS(Q) ≤ 3, f1 has a rational fixed point, and f2 has a rational point of
period two, Theorems 1, 2, and 3 of [11] together imply that
(4) f 42 (P )− f
2
2 (P ) = 0 and f
4
1 (Q)− f
2
1 (Q) = 0;
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the key point here is that the classification theorems in [11] imply that all rational preperiodic
points (of maps with fixed points or points of period two) enter a fixed point or 2-cycle after
two iterates, assuming as always, µS(Q) ≤ 3.
We now view the rational numbers y, z ∈ Q as specializations of the variables y and z,
and let F1(y, z) = f
4
2 (P )− f
2
2 (P ) and F2(y, z) = f
4
1 (Q) − f
2
1 (Q) be polynomials in Q[y, z].
Now, we compute with Magma that the polynomial
F (y, z) := Gz(y− z)(y+ z)(y− z+ 2)(y+ z+ 2)(y
2 − z2 − 4)(y2 + 4y− z2)
is in the Q[y, z]-ideal generated by F1(y, z) and F2(y, z) (by computing a Gro¨bner basis for
this ideal); here Gz ∈ Q[z] is a polynomial in the variable z of degree 30. In particular, it
follows from (4) that the rational pair (y, z) ∈ Q2, associated to a finite orbit tuple (c1, c2, P )
as in Lemma 2.3, must satisfy F (y, z) = 0. On the other hand, Magama computes that the
only rational roots of Gz are z = 0 and z = ±1/2. Therefore, (y, z) ∈ Q
2 parametrizing
(c1, c2, P ) must satisfy:
z ∈
{
0,±1/2
}
, z = ±y, z = ±(y + 2), y2 − z2 = 4, or y2 + 4y − z2 = 0.
We proceed to evaluate these possibilities. Suppose first that y2 − z2 = 4. Then since
y2 − z2 = 4 is a rational curve with a rational point (2, 0), we may parametrize its rational
points via
(y, z) =
(−2t2 − 2
t2 − 1
,
−4t
t2 − 1
)
for t ∈ Q.
In particular, with this parametrization for (y, z) the tuple (c1, c2, P ) takes the form:
(c1, c2, P ) =
(
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−t2 − 3
2(t2 − 1)
)
for t ∈ Q.
Therefore, c1 = c2 in this case, and we obtain an immediate contradiction.
Suppose next that y2 + 4y − z2 = 0. Then since y2 + 4y − z2 = 0 is a rational curve with
a rational point (0, 0), we may parametrize its rational points via
(y, z) =
( −4t2
t2 − 1
,
−4t
t2 − 1
)
for t ∈ Q.
In particular, with this parametrization for (y, z) the tuple (c1, c2, P ) takes the form:
(c1, c2, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
for t ∈ Q.
Moreover, we check with Magma that the set {P,−P} is stable under the action of S in this
case. Hence, P has finite orbit for S.
Suppose next that z = ±y. Then the tuple (c1, c2, P ) takes the form:
(5) (c1, c2, P ) =
(1− y2
4
,
−3 − y2
4
,
1 + y
2
)
for some y ∈ Q.
Moreover, we check with Magma that the set {P,−P, f2(P ), f1(f2(P ))} is stable under the
action of S in this case. Hence, P has finite orbit for S.
Suppose next that z = ±(y + 2). Then the tuple (c1, c2, P ) takes the form:
(c1, c2, P ) =
(1− y2
4
,
−3− (y + 2)2
4
,
1 + y
2
)
for some y ∈ Q.
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However, since P has finite orbit for S, so does W := (f2 ◦ f1 ◦ f2 ◦ f1 ◦ f2 ◦ f2)(P ). In
particular, W must be preperiodic for f1. Therefore, Theorems 1, 2, and 3 of [11] together
imply that f 41 (W )− f
2
1 (W ) = 0. However, this expression is in y alone, and we check with
Magma that y = −1,−3/2,−2,−5/2 are the only rational solutions to this equation. However,
if y = −1,−3/2,−5/2, then we obtain the tuples
(c1, c2, P ) = (0,−1, 0), (−5/16,−13/16,−1/4), (−21/16,−13/16,−3/4)
with finite orbit. On the other hand, the tuple (c1, c2, P ) = (0,−1, 0) is already accounted
for in the family in (5) above by setting y = −1.
Finally, suppose that z ∈ {0,±1/2} and let I be the Q[y, z]-ideal generated by F1(y, z)
and F2(y, z). We compute a Gro¨bner basis {B1(y, z), B2(y, z), B3(y, z)} for I with Magma;
in fact the function F (y, z) above is B3(y, z). In particular, since every element of I must
vanish at (y, z), a pair of rational numbers associated to a finite orbit tuple (c1, c2, P ) as in
Lemma 2.3, the polynomials B2(y, z) ∈ Q[y] for z ∈
{
0,±1/2
}
must have a rational root at
their corresponding y value. However, we compute with Magma the possible rational roots of
these polynomials, and deduce that
z ∈
{
0,±1/2
}
implies y ∈
{
± 1/2,±3/2,−5/2
}
.
On the other hand, B2(y, z) and B3(y, z) must also vanish at these pairs, and among the pairs
where this is so, all but those associated to (c1, c2) =
(
− 5
16
,−13
16
)
and (c1, c2) =
(
− 21
16
,−13
16
)
are accounted for in the family (5) above. 
We next prove a classification result for sets of quadratic polynomials S = {f1, f2} pos-
sessing a specified finite orbit point when both f1 and f2 have rational points of period
two.
Lemma 2.4. Let S = {f1, f2} with f1 = x
2+c1 and f2 = x
2+c2 for some distinct c1, c2 ∈ Q.
If S has the following properties:
(1) µS(Q) ≤ 3,
(2) f1 and f2 have rational points of period two,
(3) a point P ∈ Q of period two for f1 has finite orbit for S,
then at least one of the following statements holds:
(a) (c1, c2, P ) =
(
−7t4−2t2−7
4(t2−1)2
, −3t
4
−10t2−3
4(t2−1)2
, −3t
2
−1
2(t2−1)
)
for some t ∈ Q,
(b) (c1, c2) ∈
{(
− 3
4
,−7
4
)
,
(
− 7
4
,−3
4
) (
− 13
16
,−21
16
)
,
(
− 21
16
,−13
16
) (
− 37
16
,−21
16
)}
.
Proof. Since f1 and f2 have rational points of period two, we may assume that the finite
orbit tuple (c1, c2, P ) in Lemma 2.4 takes the form
(c1, c2, P ) =
(
−(3 + y2)
4
,
−(3 + z2)
4
,
−1 + y
2
)
for some y, z ∈ Q.
On the other, since P has finite orbit for S, it must be the case that P , Q1 := f2(P ) and
Q2 := f1(f2(f1(P ))) are preperiodic for both f1 and f2. Hence, Theorems 1, 2, and 3 of [11]
imply that
f 42 (P )− f
2
2 (P ) = 0, f
4
1 (Q1)− f
2
1 (Q1) = 0, and f
4
2 (Q2)− f
2
2 (Q2) = 0.
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With these relations in mind, let N(y, z) be the polynomial in Q[y, z] corresponding to
f 42 (P ) − f
2
2 (P ), let A1(y, z) be the polynomial corresponding to f
4
1 (Q1) − f
2
1 (Q1), and let
A2(y, z) be the polynomial corresponding to f
4
2 (Q2)−f
2
2 (Q2). In particular, if I denotes the
Q[y, z] ideal generated byN , A1 andA2, then the elements of I must vanish at any (y, z) ∈ Q
2
associated to a finite orbit tuple (c1, c2, P ) as in Lemma 2.4. However, we compute a Gro¨bner
basis {B1(y, z), B2(y, z), B3(y, z)} for I with Magma and find that B3(y, z) has a factorization
B3(y, z) = G(z)(y− z)(y+ z)(y
2 − z2 − 4),
for some G(z) ∈ Q[z] of degree 64. Moreover, we compute with Magma that the only rational
roots of G(z) are z ∈ {0,±1,±2,±1/2,±3/2}. Therefore, if (y, z) corresponds to a finite
orbit tuple (c1, c2, P ) in Lemma 2.4, then
z ∈ {0,±1,±2,±1/2,±3/2}, y = ±z, or y2 − z2 = 4.
However, we note that if y = ±z, then c1 = c2, and we obtain an immediate contradiction
in this case. Therefore, we proceed to examine the remaining cases now.
Suppose first that y2− z2 = 4. Then since y2− z2 = 4 is a rational curve with point (2, 0),
we may parametrize its rational solutions via:
(y, z) =
( −4t2
t2 − 1
,
−4t
t2 − 1
)
for t ∈ Q.
In particular, the tuple (c1, c2, P ) takes the form
(c1, c2, P ) =
(
−7t4 − 2t2 − 7
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
for t ∈ Q.
Moreover, we check with Magma that the set
{
P, f2(P ), f1(f2(P )),−f1(f2(P ))
}
is stable under
the action of S. In particular, (c1, c2, P ) is a finite orbit pair in this case.
Finally, suppose that z ∈ {0,±1,±2,±1/2,±3/2}. Then the polynomials Bi(y, z) ∈ Q[y]
for z ∈ {0,±1,±2,±1/2,±3/2} and 1 ≤ i ≤ 3 must rational roots at their corresponding
y value. However, we compute with Magma the possible rational roots of these polynomials
and deduce that
z ∈ {0,±1,±2,±1/2,±3/2} implies y ∈
{
0,±1,±2,±1/2,±3/2,±5/2
}
.
Moreover, among these values, we obtain the pairs of maps given by
(c1, c2) ∈
{(
− 3
4
,−7
4
)
,
(
− 7
4
,−3
4
) (
− 13
16
,−21
16
)
,
(
− 21
16
,−13
16
) (
− 37
16
,−21
16
)}
,
all of which posses finite orbit rational points; see our Magma code for more details. 
We next prove a classification result for sets of quadratic polynomials S = {f1, f2} pos-
sessing an unspecified finite orbit point when both f1 and f2 have a rational point of period
three.
Lemma 2.5. Let S = {f1, f2} with f1 = x
2+c1 and f2 = x
2+c2 for some distinct c1, c2 ∈ Q.
If S has the following properties:
(1) µS(Q) ≤ 3,
(2) f1 and f2 have rational points of period three,
then there are no points P ∈ Q with finite orbit for S.
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Proof. We begin with a few preliminaries. First, since f1 6= f2, we may assume that at least
one ci 6= −29/16. Without loss of generality, we assume that c1 6= −29/16. Next, note that
if f = x2 + c for some c ∈ Q and f has a rational point of period three, then the tuple
(c, P1, P2, P3) takes the form
c =
−(y6 + 2y5 + 4y4 + 8y3 + 9y2 + 4y + 1)
4y2(y + 1)2
,
P1 =
y3 − y − 1
2y(y + 1)
, P2 =
y3 + 2y2 + y + 1
(2y(y + 1)
, P3 =
−(y3 + 2y2 + 3y + 1)
2y(y + 1)
(6)
for some y ∈ Q; here P1, P2 and P3 are the unique points of period three for f . For a justifi-
cation of this fact, see [11, Theorem 1]. In particular, both f1 and f2 have parametrizations
of this form. Moreover, we use y ∈ Q to parametrize (c1, P1, P2, P3) and t ∈ Q to parametrize
(c2, Q1, Q2, Q3) respectively. Now suppose that there exists a point P ∈ Q with finite orbit
for S. In particular, P must be preperiodic for f2. Hence, Theorems 1, 2, and 3 of [11]
together imply that the f2-orbit of P must contain Q1 (all preperiodic orbits contain the
unique 3-cycle); here we use that µS(Q) ≤ 3. In particular, the S-orbit of P must contain
the S-orbit of Q1. Therefore, we may assume that Q1 has finite orbit for S.
On the other hand, if Q1 has finite orbit for S, then Q1 is preperiodic for f1. In particular,
since c1 6= −29/16, it must be the case that f1(Q1) ∈ {P1, P2, P3}; see [11, Theorem 3].
Similarly, f2(Q1) must be preperiodic for f1, and hence f1(f2(Q1)) ∈ {P1, P2, P3}. Now let
Ni(y, t) be the polynomial in two variables given by the numerator of the rational expression
f1(Q1) − Pi; here we view y, t ∈ Q as specializations of the variables y and t respectively.
Likewise, let Ai(y, t) be the numerator of the expression f1(f2(Q1)−Pi. In particular, setting
N(y, t) = N1N2N3 and A(y, t) = A1A2A3, we see that
N(y, t) = 0 and A(y, t) = 0,
for all pairs (y, t) associated to finite orbit tuples (c1, c2, P ) as in Lemma 2.5. On the other
hand, we compute with Magma that theQ[y, t] ideal generated byN(y, t) and A(y, t) contains
the polynomial
G(t)(y− t)(yt+ t+ 1)(yt+ y+ 1);
here G(t) ∈ Q[t] has degree 38. In particular, if (y, t) ∈ Q2 is associated to finite orbit
tuples (c1, c2, P ) as in Lemma 2.5, then G(t) = 0, y = t, y = −(t + 1)/t, or y = −1/(t + 1).
However, the only rational roots of G(t) are t = 0,−1, and both of these choices for t force
c2 to be infinite, a contradiction. Moreover, if y = t, y = −(t+1)/t, or y = −1/(t+1), then
we check with Magma that c1 = c2, a contradiction. Hence, there cannot exist a point P ∈ Q
with finite orbit for S as claimed. 
We next prove a classification result for sets of quadratic polynomials S = {f1, f2} possess-
ing an unspecified finite orbit point when f1 has a rational fixed point and f2 has a rational
point of period three.
Lemma 2.6. Let S = {f1, f2} with f1 = x
2+c1 and f2 = x
2+c2 for some distinct c1, c2 ∈ Q.
If S has the following properties:
(1) µS(Q) ≤ 3,
(2) f1 has a rational fixed point and f2 has a rational point of period three,
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(3) there exists P ∈ Q with finite orbit for S,
then c1 = −
21
16
and c2 = −
29
16
.
Proof. Since f1 has a rational fixed point, we may write c1 = (1 − y
2)/4 for some y ∈ Q.
Likewise, since f2 has has a rational point of period three, we may parametrize f2 and the
3-cycle (c2, P1, P2, P3) as in (6); however, we use the variable t to parametrize f2 and the
3-cycle in this case. Now suppose that P ∈ Q has finite orbit for S. Then P is preperiodic
for f2. In particular, it follows from Theorems 1, 2, and 3 of [11] that the f2-orbit of P
contains the 3-cycle P1,P2 and P3; here we use that µS(Q) ≤ 3. Hence, the S-orbit of P
contains P1. Therefore, we may assume that P = P1 has finite orbit for S.
Now, since P1 has finite orbit for S, it follows that P1 is preperiodic for f1. Hence,
Theorems 1, 2, and 3 of [11] imply that f 41 (P1) = f
2
1 (P1); here we use that f1 has a fixed
point and that µS(Q) ≤ 3. Likewise, Q := f2(P1) is preperiodic for f1 and f
4
1 (Q) = f
2
1 (Q).
Now let N(y, t) be the polynomial in two variables given by the numerator of the rational
expression f 41 (P1)−f
2
1 (P1), and let A(y, t) be the numerator of the expression f
4
1 (Q)−f
2
1 (Q).
In particular, we have that
N(y, t) = 0 and A(y, t) = 0,
for all pairs (y, t) associated to finite orbit tuples (c1, c2, P ) as in Lemma 2.6. On the
other hand, we compute a Gro¨bner basis {B1(y, t), B2(y, t), . . . B6(y, t)} for the Q[y, t] ideal
I generated by N(y, t) and A(y, t). In particular, we see that I contains a polynomial
G(t) ∈ Q[t] (in t alone) of degree 68. In particular, if (y, t) is associated to a finite orbit
tuple (c1, c2, P ) as in Lemma 2.6, then G(t) = 0. However, we compute with Magma that
the only rational roots of G are t = 1,−2,−1/2. On the other hand, the polynomials
B2(y, 1), B2(y,−2), B2(y,−1/2) ∈ Q[y], in y alone, must also vanish at y. Therefore, after
computing the possible rational roots of these polynomials with Magma, we deduce that
y ∈ {±3/2,±5/2} and t ∈ {1,−1/2,−2}.
Finally, we must have that Bi(y, t) = 0 for all 1 ≤ i ≤ 6 for these 12 possible pairs (y, t).
In particular, we obtain possible finite orbit tuples (c1, c2, P ) = (−5/16,−29/16, 5/4) and
(c1, c2, P ) = (−21/16,−29/16, P ) for several P ’s, including P = −1/4, which we check with
Magma is a point of finite orbit for (c1, c2) = (−21/16,−29/16). Moreover, we can rule out
the tuple (c1, c2, P ) = (−5/16,−29/16, 5/4), since in this case the point Q := f2(f2(Q))
satisfies f 41 (Q) 6= f
2
1 (Q), and hence Q cannot be preperiodic for f1; see [11]. In particular,
P cannot have finite orbit for S, a contradiction. 
Finally, we prove a classification result for sets of quadratic polynomials S = {f1, f2}
possessing an unspecified finite orbit point when f1 has a rational point of period two and
f2 has a rational point of period three.
Lemma 2.7. Let S = {f1, f2} with f1 = x
2+c1 and f2 = x
2+c2 for some distinct c1, c2 ∈ Q.
If S has the following properties:
(1) µS(Q) ≤ 3,
(2) f1 has a rational point of period two and f2 has a rational point of period three,
(3) there exists P ∈ Q with finite orbit for S,
then c1 = −
21
16
and c2 = −
29
16
.
12 WADE HINDES
Proof. Since f1 has a rational point of period two, we may write c1 = −(3 + y
2)/4 for some
y ∈ Q. Likewise, since f2 has a rational point of period three, we may parametrize f2 and
the 3-cycle (c2, P1, P2, P3) as in (6); however, we use the variable t to parametrize f2 and the
3-cycle in this case. Now suppose that P ∈ Q has finite orbit for S. Then P is preperiodic
for f2. In particular, it follows from Theorems 1, 2, and 3 of [11] that the f2-orbit of P
contains the 3-cycle P1,P2 and P3; here we use that µS(Q) ≤ 3. Hence, the S-orbit of P
contains P1. Therefore, we may assume that P = P1 has finite orbit for S.
Now, since P1 has finite orbit for S, it follows that P1 is preperiodic for f1. Hence,
Theorems 1, 2, and 3 of [11] imply that f 41 (P1) = f
2
1 (P1); here we use that f1 has a 2-cycle
and that µS(Q) ≤ 3. Likewise, Q := f2(P1) is preperiodic for f1 and f
4
1 (Q) = f
2
1 (Q). Now let
N(y, t) be the polynomial in two variables given by the numerator of the rational expression
f 41 (P1) − f
2
1 (P1), and let A(y, t) be the numerator of the expression f
4
1 (Q) − f
2
1 (Q). In
particular, we have that
N(y, t) = 0 and A(y, t) = 0,
for all pairs (y, t) associated to finite orbit tuples (c1, c2, P ) as in Lemma 2.7. On the
other hand, we compute a Gro¨bner basis {B1(y, t), B2(y, t), . . . B6(y, t)} for the Q[y, t] ideal
I generated by N(y, t) and A(y, t). In particular, we see that I contains a polynomial
G(t) ∈ Q[t] (in t alone) of degree 68. In particular, if (y, t) is associated to a finite orbit
tuple (c1, c2, P ) as in Lemma 2.7, then G(t) = 0. However, we compute with Magma that
the only rational roots of G are t = 1,−2,−1/2. On the other hand, the polynomials
B2(y, 1), B2(y,−2), B2(y,−1/2) ∈ Q[y], in y alone, must also vanish at y. Therefore, after
computing the possible rational roots of these polynomials with Magma, we deduce that
y ∈ {±1/2,±3/2,±5/2} and t ∈ {1,−1/2,−2}.
Finally, we must have that Bi(y, t) = 0 for all 1 ≤ i ≤ 6 for these 18 possible pairs (y, t).
In particular, we obtain possible finite orbit tuples (c1, c2, P ) = (−37/16,−29/16,−7/4),
(c1, c2, P ) = (−13/16,−29/16) and (c1, c2, P ) = (−21/16,−29/16, P ) for several P ’s, in-
cluding P = −1/4, which we check with Magma is a point of finite orbit for (c1, c2) =
(−21/16,−29/16). Moreover, we can rule out the tuples (c1, c2, P ) = (−5/16,−29/16, 5/4)
and (c1, c2, P ) = (−13/16,−29/16). For in both cases, the points Q1 = f
2
2 (P ) satisfy
f 41 (Q) 6= f
2
1 (Q), and hence Q cannot be preperiodic for f1; see [11]. In particular, P cannot
have finite orbit for S, a contradiction. 
Having classified certain pairs of quadratic polynomials with finite orbit points, we use
these results to prove our main theorem.
3. Proof of Main Theorem
(Proof of Theorem 1.1). Suppose that S = {x2+c1, x
2+c2, x
2+c3} for some distinct rational
numbers ci, that µS(Q) ≤ 3, and that P ∈ Q is a finite orbit point for S. In particular, the
orbit of P is preperiodic for each individual map in S. Hence, the orbit of P enters a fixed
point, a 2-cycle, or a 3-cycle for each map is S (since µS(Q) ≤ 3 by assumption). In what
follows, we write φi(x) = x
2 + ci for all 1 ≤ i ≤ 3. From here we proceed in cases. For the
relevant codes, see the file named Finite Orbit - Subcases at the website mentioned in the
introduction.
Case(1): Suppose that the orbit of P enters a fixed point for each individual map in S. In
particular, each map in S has a rational fixed point, and by replacing P with φn1 (P ) for some
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n, we may assume that a fixed point of φ1, renamed P , is a finite orbit point for both sets
S ′ = {φ1, φ2} and S
′′ = {φ1, φ3} simultaneously. Then the classification Lemma 2.2 leads us
to several subcases:
Subcase(1.1): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
1− y2
4
,
1− (y + 2)2
4
,
1 + y
2
)
,
(c1, c3, P ) =
(
1− u2
4
,
1− (u+ 2)2
4
,
1 + u
2
)
,
for some y, u ∈ Q. Equating expressions for P , we deduce that y = u. In particular, it
follows that c2 = c3, a contradiction.
Subcase(1.2): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
1− y2
4
,
1− (y + 2)2
4
,
1 + y
2
)
,
(c1, c3, P ) =
(
t4 − 18t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
t2 + 4t− 1
2(t2 − 1)
)
,
for some y, t ∈ Q. Equating expressions for P , we deduce that y = 4t/(t2 − 1). Therefore,
(c1, c2, c3, P ) =
(
t4−18t2+1
4(t2−1)2
, −3t
4
−16t3−10t2+16t−3
4(t2−1)2
, −3t
4
−10t2−3
4(t2−1)2
, t
2+4t−1
2(t2−1)
)
is a finite orbit tuple for some t ∈ Q. In particular, the pointQ := (φ2◦φ2◦φ3◦φ1◦φ3◦φ3)(P ) is
preperiodic for every map in S; hence, we may assume that Q is preperiodic for φ3. However,
Theorems 1, 2, and 3 of [11] together imply that φ43(α) = φ
2(α) for all α ∈ PrePer(φ3,Q);
equivalently, after two iterates of φ3, any rational preperiodic point of φ3 enters a 2-cycle
or a fixed point. We use crucially here our assumption that µS(Q) ≤ 3. In particular,
φ43(Q) − φ
2(Q) = 0. However, this relation forces t to be a rational root of a very large
degree polynomial, and we compute with Magma that t = 0 is the only rational root of this
polynomial. Therefore, t = 0 and c2 = −3/4 = c3, a contradiction.
Subcase(1.3): The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
1− y2
4
,
1− (y + 2)2
4
,
1 + y
2
)
, (c1, c3) ∈
{(
−
21
16
,−
5
16
)
,
( 3
16
,
−5
16
)}
,
for some y ∈ Q. Equating expressions for c1, we see that y = ±5/2 or y = ±1/2. If y = 5/2,
then (c1, c2, c3) =
(
− 21
16
,−77
16
,− 5
16
)
. Let P1 = 7/4 and P2 = −3/4 be the fixed points of
φ1, one of which has finite orbit for S by assumption. However, the points Q1 = φ3(P1)
and Q2 = φ2(P2) satisfy φ
4
1(Qi) 6= φ
2
1(Qi) for both i = 1, 2; hence, Q1 and Q2 cannot be
preperiodic for φ1; see [11]. In particular, Q1 and Q2 are not finite orbit points for S.
However, this contradicts the fact that either P1 or P2 has finite orbit for S. The cases
y = −5/2,±1/2 follow similarly; see our Magma code for Subcase 1.3.
Subcase(1.4): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
14 WADE HINDES
(c1, c2, P ) =
(
t4 − 18t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
t2 + 4t− 1
2(t2 − 1)
)
,
(c1, c3, P ) =
(
1− y2
4
,
1− (y + 2)2
4
,
1 + y
2
)
,
for some t, y ∈ Q. Interchanging c2 and c3, we may proceed as in Subcase 1.2.
Subcase(1.5): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
t4 − 18t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
t2 + 4t− 1
2(t2 − 1)
)
,
(c1, c3, P ) =
(
u4 − 18u2 + 1
4(u2 − 1)2
,
−3u4 − 10u2 − 3
4(u2 − 1)2
,
u2 + 4u− 1
2(u2 − 1)
)
,
for some t, u ∈ Q. Equating expressions for P , we see that u = t or u = −1/t. However, in
either case, we obtain that c2 = c3, a contradiction.
Subcase(1.6): The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
t4 − 18t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
t2 + 4t− 1
2(t2 − 1)
)
,
(c1, c3) ∈
{(
−
21
16
,−
5
16
)
,
( 3
16
,
−5
16
)}
,
for some t ∈ Q. However, equating possible expressions for c1, we obtain polynomials over
Q with no rational roots, a contradiction.
Subcase(1.7): The pair of tuples (c1, c2) and (c1, c3, P ) take the form:
(c1, c2) ∈
{(
−
21
16
,−
5
16
)
,
( 3
16
,
−5
16
)}
, (c1, c3, P ) =
(
1− y2
4
,
1− (y + 2)2
4
,
1 + y
2
)
,
for some y ∈ Q. However, by interchanging c2 and c3, we may proceed as in Subcase 1.3.
Subcase(1.8): The pair of tuples (c1, c2) and (c1, c3, P ) take the form:
(c1, c2) ∈
{(
−
21
16
,−
5
16
)
,
( 3
16
,
−5
16
)}
,
(c1, c3, P ) =
(
t4 − 18t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
t2 + 4t− 1
2(t2 − 1)
)
,
for some t ∈ Q. However, by interchanging c2 and c3, we may proceed as in Subcase 1.6.
Subcase(1.9): The pair of tuples (c1, c2) and (c1, c3) take the form:
(c1, c2) ∈
{(
−
21
16
,−
5
16
)
,
( 3
16
,
−5
16
)}
(c1, c3) ∈
{(
−
21
16
,−
5
16
)
,
( 3
16
,
−5
16
)}
.
However in every cases, we see that c2 = −5/16 = c3, a contradiction.
Case(2): Suppose that the orbit of P enters a fixed point for two maps in S, say φ1 and
φ2, and a 2-cycle for φ3. In particular, both φ1 and φ2 have rational fixed points and φ3
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has a rational point of period 2. Moreover, by replacing P with φn1 (P ) for some n, we may
assume that a fixed point of φ1, renamed P , has finite orbit for both sets S
′ = {φ1, φ2}
and S ′′ = {φ1, φ3} simultaneously. Then Lemma 2.2 and Lemma 2.3 together imply several
subcases:
Subcase(2.1): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
1− y2
4
,
1− (y + 2)2
4
,
1 + y
2
)
,
(c1, c3, P ) =
(
1− u2
4
,
−3− u2
4
,
1 + u
2
)
,
for some y, u ∈ Q. Equating expressions for P , we see that y = u. Hence,
(c1, c2, c3, P ) =
(
1− y2
4
,
1− (y + 2)2
4
,
−3− y2
4
,
1 + y
2
)
for some y ∈ Q. Now, if P has finite orbit for S, then so does Q := (φ1 ◦φ1 ◦φ1 ◦φ2 ◦φ3)(P ).
In particular, Q must be preperiodic for φ2. However, since µS(Q) ≤ 3 and φ2 has a rational
fixed point, Theorems 1, 2, and 3 of [11] together imply that φ42(Q) = φ
2
2(Q) (equivalently, any
rational preperiodic point of φ2 enters a 2-cycle or fixed point after two iterates). However,
the relation φ42(Q)− φ
2
2(Q) = 0 forces y to be a root of a polynomial of large degree, and we
compute with Magma that the only rational roots of this polynomial are y = 0,−1,−1/2. On
the other hand, if y = 0, then we see immediately that c2 = c3, a contradiction. Similarly,
if y = −1, then c1 = c2, a contradiction. Finally, if we assume that y = −1/2, then
(c1, c2, c3, P ) = (3/16,−5/16,−13/16, 1/4), and it is straightforward to verify that this tuple
has finite orbit.
Subcase(2.2): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
1− y2
4
,
1− (y + 2)2
4
,
1 + y
2
)
,
(c1, c3, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
,
for some y, t ∈ Q. Equating expressions for P , we see that y = −4t2/(t2− 1). However, this
relation forces c2 = c3, a contradiction.
Subcase(2.3): The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
1− y2
4
,
1− (y + 2)2
4
,
1 + y
2
)
, (c1, c3) =
(
−
5
16
,−
13
16
)
,
for some y ∈ Q. Equating expressions for c1, we see that y = ±3/2. Suppose first that
y = 3/2, so that (c1, c2, c3, P ) = (−
21
16
,−77
16
,−13
16
, 5
4
). However, since P has finite orbit for
S, so does Q := (φ1 ◦ φ2 ◦ φ3)(P ). Hence, Q must be preperiodic for φ2. In particular,
since φ2 has a rational fixed point and µS(Q) ≤ 3, it follows from Theorems 1, 2 and 3 of
[11] that φ42(Q) = φ
2
2(Q). However, this is not the case. On the other hand, if y = −3/2,
then (c1, c2, c3) = (−5/16, 3/16,−13/16). However, this tuple is known to have a finite orbit
rational point; see Subcase 2.1 above.
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Subcase(2.4): The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
1− y2
4
,
1− (y + 2)2
4
,
1 + y
2
)
, (c1, c3) =
(
−
21
16
,−
13
16
)
,
for some y ∈ Q. Equating expressions for c1, we see that y = ±5/2. Suppose first that
y = 5/2, so that (c1, c2, c3, P ) = (−
5
16
,−45
16
,−13
16
, 7
4
). However, since P has finite orbit for S, so
does Q := φ3(P ). Hence, Q must be preperiodic for φ2. In particular, since φ2 has a rational
fixed point and µS(Q) ≤ 3, it follows from Theorems 1, 2 and 3 of [11] that φ
4
2(Q) = φ
2
2(Q).
However, this is not the case. Likewise, if y = −5/2, then (c1, c2, c3, P ) = (−
21
16
, 3
16
,−13
16
,−3
4
)
and Q := (φ1 ◦ φ3)(P ) must be preperiodic for φ2. However, this is not the case, since
φ42(Q) 6= φ
2
2(Q).
Subcase(2.5): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
t4 − 18t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
t2 + 4t− 1
2(t2 − 1)
)
,
(c1, c3, P ) =
(
1− u2
4
,
−3− u2
4
,
1 + u
2
)
,
for some t, u ∈ Q. Equating expressions for P , we see that u = 4t/(t2 − 1). However, this
relation forces c2 = c3, a contradiction.
Subcase(2.6): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
t4 − 18t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
t2 + 4t− 1
2(t2 − 1)
)
,
(c1, c3, P ) =
(
−15u4 − 2u2 + 1
4(u2 − 1)2
,
−3u4 − 10u2 − 3
4(u2 − 1)2
,
−3u2 − 1
2(u2 − 1)
)
,
for some t, u ∈ Q. Equating expressions for P , we see that the pair (t, u) is a rational point
on the affine curve
C : t2u2 + tu2 − t− u2 = 0.
However, the map r : (t, u)→ ((−tu2 + 1)/u2, (tu2 + u2 − 1)/u3) determines a degree one-
map to the elliptic curve E with Weierstrass equation E : y2 = x3 − 2x2 + 1. Moreover, we
compute with Magma that E(Q) has rank zero, that E(Q) ∼= Z/6Z, and that
E(Q) = {∞, (1, 0), (0,±1), (2,±1)}.
On the other hand, it is straightforward to check that there are no points p ∈ C(Q) such
that r(p) = (1, 0), and we deduce that
C(Q) = {(0, 0), (±1,±1)}.
On the other hand, if (t, u) ∈ {(±1,±1)}, then at least one of the values c1, c2 or c3 is infinite,
a contradiction. Finally, if (t, u) = (0, 0), then c2 = −3/4 = c3, a contradiction.
Subcase(2.7): The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
t4 − 18t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
t2 + 4t− 1
2(t2 − 1)
)
, (c1, c3) =
(
−
5
16
,−
13
16
)
,
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for some t ∈ Q. Equating expressions for c1, we see that t ∈ {±3,±1/3}. On the other
hand, in all four cases, (c1, c2, c3) = (−
5
16
,−21
16
,−13
16
), and it is straight forward to check that
this tuple has finite orbit rational points P ∈
{
±1/4,±3/4,±5/4
}
. Moreover, these are the
only finite orbit rational points for this tuple.
Subcase(2.8): The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
t4 − 18t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
t2 + 4t− 1
2(t2 − 1)
)
, (c1, c3) =
(
−
21
16
,−
13
16
)
,
for some t ∈ Q. However, there are no rational solutions t to the equation t
4
−18t2+1
4(t2−1)2
= −21
16
,
and we obtain a contradiction.
Subcase(2.9): The pair of tuples (c1, c2) and (c1, c3, P ) take the form:
(c1, c2) ∈
{(
−
21
16
,−
5
16
)
,
( 3
16
,
−5
16
)}
, (c1, c3, P ) =
(
1− u2
4
,
−3− u2
4
,
1 + u
2
)
,
for some u ∈ Q. Equating expressions for c1, we see that u = ±5/2,±1/2. If u = 5/2,
then (c1, c2, c3, P ) = (−
21
16
,− 5
16
,−37
16
, 7
4
). However, if P has finite orbit for S, then so does
Q := φ2(P ). In particular, Q must be preperiodic for φ3. Hence, Theorems 1, 2, and
3 of [11] together imply that φ43(Q) = φ
2
3(Q). However, this is not the case. Likewise,
if u = −5/2, then (c1, c2, c3, P ) = (−
21
16
,− 5
16
,−37
16
,−3
4
), and the point Q := φ2(P ) must
satisfy φ43(Q) = φ
2
3(Q); again, this is not the case. On the other hand, if u = ±1/2, then
(c1, c2, c3) = (
3
16
,− 5
16
,−13
16
) and P = 1/4 or P = 3/4. Moreover, it is straightforward to
check that P has finite orbit for S in both cases.
Subcase(2.10): The pair of tuples (c1, c2) and (c1, c3, P ) take the form:
(c1, c2) ∈
{(
−
21
16
,−
5
16
)
,
( 3
16
,
−5
16
)}
,
(c1, c3, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
,
for some t ∈ Q. However, there are no rational solutions t to the equations −15t
4
−2t2+1
4(t2−1)2
= −21
16
.
Hence, the case of (c1, c2) = (−21/16,−5/16) is impossible. On the other hand, the equation
−15t4−2t2+1
4(t2−1)2
= 3
16
forces t = ±1/3. Therefore, we may assume that the tuple S and the point
P are given by (c1, c2, c3, P ) = (
3
16
,− 5
16
,−21
16
, 3
4
). In this case, if P has finite orbit for S, then
so does Q := φ3(φ2(P )). In particular, Q must be preperiodic for φ1. Hence, Theorems 1, 2,
and 3 of [11] imply that φ41(Q) = φ
2
1(Q). However, this is not the case, a contradiction.
Subcase(2.11): The pair of tuples (c1, c2) and (c1, c3) take the form:
(c1, c2) ∈
{(
−
21
16
,−
5
16
)
,
( 3
16
,
−5
16
)}
,
(c1, c3) ∈
{(
−
5
16
,−
13
16
)
,
(
−
21
16
,−
13
16
)}
.
However, after equating possible expressions for c1, we see that (c1, c2, c3) = (−
21
16
,− 5
16
,−13
16
)
is the only case to be considered. Moreover, this tuple is known (up to reordering) to have
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rational points with finite orbit.
Case(3): Suppose that the orbit of P enters a fixed point for two of the maps in S, say
φ1 and φ2, and a 3-cycle for φ3. Then in particular, both φ1 and φ2 have rational fixed
points and φ3 has a rational point of period 3. Moreover, P has finite orbit for both sets
S ′ = {φ1, φ3} and S
′′ = {φ2, φ3} simultaneously. Hence, Lemma 2.6 applied to S
′ implies that
c1 = −21/16 and c3 = −29/16. Likewise, Lemma 2.6 applied to S
′′ implies that c2 = −21/16
and c3 = −29/16. Therefore, we deduce that c1 = c2, a contradiction.
Case(4): Suppose that the orbit of P enters a fixed point for only one map in S, say φ1,
and enters a 2-cycle for the others, φ2 and φ3. In particular, φ1 has a rational fixed point
and φ2 and φ3 have rational points of period 2. Moreover, by replacing P with φ
n
1 (P ) for
some n, we may assume that a fixed point of φ1, renamed P , has finite orbit for both sets
S ′ = {φ1, φ2} and S
′′ = {φ1, φ3} simultaneously. Then the classification Lemma 2.3 implies
several subcases:
Subcase(4.1): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
1− y2
4
,
−3− y2
4
,
1 + y
2
)
,
(c1, c3, P ) =
(
1− u2
4
,
−3 − u2
4
,
1 + u
2
)
,
for some y, u ∈ Q. Equating expressions for P , we see that y = u. However, this immediately
implies that c2 = c3, a contradiction.
Subcase(4.2): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
1− y2
4
,
−3− y2
4
,
1 + y
2
)
,
(c1, c3, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
,
for some y, t ∈ Q. Equating expressions for P , we see that y = −4t2/(t2− 1). In particular,
(c1, c2, c3, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−19t4 + 6t2 − 3
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
for some t ∈ Q. On the other hand, since P has finite orbit for S, so doesQ := (φ21◦φ2◦φ3)(P ).
In particular, Q must be preperiodic for φ3, and it follows from Theorems 1, 2, and 3 of [11]
that φ43(Q)−φ
2
3(Q) = 0. However, the only rational solution to this equation (in one variable)
is t = 0. Therefore, we may assume that t = 0. Hence, (c1, c2, c3, P ) = (
1
4
,−3
4
,−3
4
, 1
2
), and
c2 = c3, a contradiction.
Subcase(4.3): The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
1− y2
4
,
−3 − y2
4
,
1 + y
2
)
, (c1, c3) =
(
−
5
16
,−
13
16
)
.
Equating expressions for c1, we see that y = ±3/2; hence, (c1, c2, c3, P ) = (−
5
16
,−21
16
,−13
16
, 5
4
)
or (c1, c2, c3, P ) = (−
5
16
,−21
16
,−13
16
,−1
4
). Moreover, it is straightforward to check that these
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tuples do indeed have finite orbit.
Subcase(4.4): The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
1− y2
4
,
−3 − y2
4
,
1 + y
2
)
, (c1, c3) =
(
−
21
16
,−
13
16
)
.
Equating expressions for c1, we see that y = ±5/2; hence, (c1, c2, c3, P ) = (−
21
16
,−37
16
,−13
16
, 7
4
)
or (c1, c2, c3, P ) = (−
21
16
,−37
16
,−13
16
,−3
4
). In either case, since P is assumed to have finite
orbit for S, the point Q := (φ2 ◦ φ3 ◦ φ2)(P ) must have finite orbit for S. In particular,
Q must be preperiodic for φ3. Therefore, Theorems 1, 2 and 3 of [11] together imply that
φ43(Q)− φ
2
3(Q) = 0. However, this is not true in either case.
Subcase(4.5): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
,
(c1, c3, P ) =
(
1− y2
4
,
−3− y2
4
,
1 + y
2
)
,
for some t, y ∈ Q. However, by interchanging c2 and c3, we may proceed as in Subcase 4.2
above.
Subcase(4.6): The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
,
(c1, c3, P ) =
(
−15u4 − 2u2 + 1
4(u2 − 1)2
,
−3u4 − 10u2 − 3
4(u2 − 1)2
,
−3u2 − 1
2(u2 − 1)
)
,
for some t, u ∈ Q. Equating expressions for P , we see that t = ±u. However, this immedi-
ately forces c2 = c3, a contradiction.
Subcase(4.7): The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
, (c1, c3) =
(
−
5
16
,−
13
16
)
for some t ∈ Q. However, equating expressions for c1 we obtain an equation
−15t4−2t2+1
4(t2−1)2
= − 5
16
with no rational solutions, a contradiction.
Subcase(4.8): The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
, (c1, c3) =
(
−
21
16
,−
13
16
)
for some t ∈ Q. However, equating expressions for c1 we obtain an equation
−15t4−2t2+1
4(t2−1)2
= −21
16
with no rational solutions, a contradiction.
Subcase(4.9): The pair of tuples (c1, c2) and (c1, c3, P ) take the form:
20 WADE HINDES
(c1, c2) =
(
−
5
16
,−
13
16
)
, (c1, c3, P ) =
(
1− y2
4
,
−3− y2
4
,
1 + y
2
)
,
for some y ∈ Q. However, by interchanging c2 and c3, we may proceed as in Subcase 4.3
above.
Subcase(4.10): The pair of tuples (c1, c2) and (c1, c3, P ) take the form:
(c1, c2) =
(
−
5
16
,−
13
16
)
, (c1, c3, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
,
for some t ∈ Q. However, by interchanging c2 and c3, we may proceed as in Subcase 4.7
above.
Subcase(4.11): The pair of tuples (c1, c2) and (c1, c3) take the form:
(c1, c2) =
(
−
5
16
,−
13
16
)
, (c1, c3) =
(
−
5
16
,−
13
16
)
.
However, in this case c2 = c3, a contradiction.
Subcase(4.12): The pair of tuples (c1, c2) and (c1, c3) take the form:
(c1, c2) =
(
−
5
16
,−
13
16
)
, (c1, c3) =
(
−
21
16
,−
13
16
)
.
However, equating expressions for c1, we obtain an immediate contradiction.
Subcase(4.13): The pair of tuples (c1, c2) and (c1, c3, P ) take the form:
(c1, c2) =
(
−
21
16
,−
13
16
)
, (c1, c3, P ) =
(
1− y2
4
,
−3− y2
4
,
1 + y
2
)
,
for some y ∈ Q. However, by interchanging c2 and c3, we may proceed as in Subcase 4.4
above.
Subcase(4.14): The pair of tuples (c1, c2) and (c1, c3, P ) take the form:
(c1, c2) =
(
−
21
16
,−
13
16
)
, (c1, c3, P ) =
(
−15t4 − 2t2 + 1
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
,
for some t ∈ Q. However, by interchanging c2 and c3, we may proceed as in Subcase 4.8
above.
Subcase(4.15): The pair of tuples (c1, c2) and (c1, c3) take the form:
(c1, c2) =
(
−
21
16
,−
13
16
)
, (c1, c3) =
(
−
5
16
,−
13
16
)
.
However, equating expressions for c1, we obtain an immediate contradiction.
Subcase(4.16): The pair of tuples (c1, c2) and (c1, c3) take the form:
(c1, c2) =
(
−
21
16
,−
13
16
)
, (c1, c3) =
(
−
21
16
,−
13
16
)
.
However, in this case c2 = c3, a contradiction.
Case(5): Suppose that the orbit of P enters a fixed point for only one map in S, say φ1, and
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enters a 3-cycle for the others, φ2 and φ3. Then in particular, both φ2 and φ3 have rational
points of period 3. Moreover, P has finite orbit for the set S ′ = {φ2, φ3}. However, Lemma
2.5 implies that this is impossible.
Case(6): Suppose that the orbit of P enters a fixed point for only one map in S, say
φ1, enters a 2-cycle for another, say φ2, and enters a 3-cycle for the other, φ3. Then in
particular, φi has a rational point of period i for all 1 ≤ i ≤ 3. Moreover, P has finite orbit
for both sets S ′ = {φ1, φ3} and S
′′ = {φ2, φ3} simultaneously. Hence, Lemma 2.6 applied to
S ′ implies that c1 = −21/16 and c3 = −29/16. Likewise, Lemma 2.7 applied to S
′′ implies
that c2 = −21/16 and c3 = −29/16. Therefore, we deduce that c1 = c2, a contradiction.
Case(7): Suppose that the orbit of P enters a 2-cycle for every map in S. In particular,
each map in S has a rational point of period two, and by replacing P with φn1 (P ) for some n,
we may assume that a point of period two for φ1, renamed P , has finite orbit for both sets
S ′ = {φ1, φ2} and S
′′ = {φ1, φ3} simultaneously. Then the classification Lemma 2.4 leads us
to several subcases:
Subcase(7.1) The pair of tuples (c1, c2, P ) and (c1, c3, P ) take the form:
(c1, c2, P ) =
(
−7t4 − 2t2 − 7
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
,
(c1, c3, P ) =
(
−7u4 − 2u2 − 7
4(u2 − 1)2
,
−3u4 − 10u2 − 3
4(u2 − 1)2
,
−3u2 − 1
2(u2 − 1)
)
,
for some t, u ∈ Q. Equating expressions for P , we see that t = ±u. However, this relationship
forces c2 = c3, a contradiction.
Subcase(7.2) The pair of tuples (c1, c2, P ) and (c1, c3) take the form:
(c1, c2, P ) =
(
−7t4 − 2t2 − 7
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
,
(c1, c3) ∈
{(
−
3
4
,−
7
4
)
,
(
−
7
4
,−
3
4
) (
−
13
16
,−
21
16
)
,
(
−
21
16
,−
13
16
) (
−
37
16
,−
21
16
)}
,
for some t ∈ Q. However, equating expressions for c1 we obtain equations
−7t4 − 2t2 − 7
4(t2 − 1)2
= −
3
4
,−
13
16
,−
21
16
with no rational solutions, a contradiction. On the other hand, if −7t
4
−2t2−7
4(t2−1)2
= −7
4
, then
t = 0. Hence, (c1, c2, P ) = (−7/4,−3/4,−1/2) and (c1, c3) = (−7/4,−3/4). In particular,
we see that c2 = c3, a contradiction.
Subcase(7.3) The pair of tuples (c1, c2) and (c1, c3, P ) take the form:
(c1, c2) ∈
{(
−
3
4
,−
7
4
)
,
(
−
7
4
,−
3
4
) (
−
13
16
,−
21
16
)
,
(
−
21
16
,−
13
16
) (
−
37
16
,−
21
16
)}
,
(c1, c3, P ) =
(
−7t4 − 2t2 − 7
4(t2 − 1)2
,
−3t4 − 10t2 − 3
4(t2 − 1)2
,
−3t2 − 1
2(t2 − 1)
)
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for some t ∈ Q. Interchanging (c1, c2) with (c2, c3), we may proceed as in Subcase 7.2.
Subcase(7.4) The pair of tuples (c1, c2) and (c1, c3, P ) take the form:
(c1, c2) ∈
{(
−
3
4
,−
7
4
)
,
(
−
7
4
,−
3
4
) (
−
13
16
,−
21
16
)
,
(
−
21
16
,−
13
16
) (
−
37
16
,−
21
16
)}
,
(c1, c3) ∈
{(
−
3
4
,−
7
4
)
,
(
−
7
4
,−
3
4
) (
−
13
16
,−
21
16
)
,
(
−
21
16
,−
13
16
) (
−
37
16
,−
21
16
)}
,
However, equating expressions for c1, we need only consider the cases
(c1, c2, c3) ∈
{
(−3
4
,−7
4
,−7
4
), (−7
4
,−3
4
,−3
4
) (−13
16
,−21
16
,−21
16
), (−21
16
,−13
16
,−13
16
), (−37
16
,−21
16
,−21
16
)
}
.
However, in all cases, c2 = c3, a contradiction of our assumption that the ci’s are distinct.
Case(8): Suppose that the orbit of P enters a 3-cycle for every map in S. Then in particular,
both φ1 and φ2 have rational points of period 3. Moreover, P has finite orbit for the set
S ′ = {φ1, φ2}. However, Lemma 2.5 implies that this is impossible.
Case(9): Suppose that the orbit of P enters a 2-cycle for two maps in S, say φ1 and φ2,
and enters a 3-cycle for the third φ3. Then in particular, φ1 and φ2 have rational points
of period 2, and φ3 has a rational point of period 3. Moreover, P has finite orbit for both
sets S ′ = {φ1, φ3} and S
′′ = {φ2, φ3} simultaneously. Hence, Lemma 2.7 applied to S
′
implies that c1 = −21/16 and c3 = −29/16. Likewise, Lemma 2.7 applied to S
′′ implies that
c2 = −21/16 and c3 = −29/16. Therefore, c1 = c2, a contradiction.
Case(10): Suppose that the orbit of P enters a 2-cycle for one map in S, say φ1, and enters
a 3-cycle for the others, φ2 and φ3. Then in particular, both φ2 and φ3 have rational points
of period 3. Moreover, P has finite orbit for the set S ′ = {φ2, φ3}. However, Lemma 2.5
implies that this is impossible. 
In particular, Case (1) through Case (10) above imply that if S = {x2+c1, x
2+c2, x2+c3}
has a finite orbit point P ∈ Q, then
S =
{
x2 −
5
16
, x2 −
13
16
, x2 −
21
16
}
and P ∈
{
±
1
4
, ±
3
4
, ±
5
4
}
,
or
S =
{
x2 +
3
16
, x2 −
5
16
, x2 −
13
16
}
and P ∈
{
±
1
4
, ±
3
4
}
.
(7)
This completes the proof of statement (1) of Theorem 1.1. As for statement (2), suppose
that S has at least four quadratic polynomials, φi for 1 ≤ i ≤ 4, and that P ∈ Q has finite
orbit for S. Then P has finite orbit for the subsets S ′ = {φ1, φ2, φ3} and S
′′ = {φ1, φ2, φ4}
simultaneously. Therefore, statement (1) of Theorem 1.1 implies that (S ′, P ) and (S ′′, P )
must correspond to one the pairs in (7) above. In particular, since S ′ 6= S ′′, it must be the
case that
S ′ ∪ S ′′ =
{
x2 +
3
16
, x2 −
5
16
, x2 −
13
16
, x2 −
21
16
}
and P ∈
{
±
1
4
, ±
3
4
}
.
However, P must have finite orbit for S ′ ∪ S ′′, and this is not the case: in all cases for P ,
the point Q := (f4 ◦ f2 ◦ f1 ◦ f4)(P ) satisfies f
4
1 (Q) 6= f
2
1 (Q). Therefore, Theorems 1, 2, and
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3 of [11] imply that Q is not preperiodic for f1. Hence, P cannot be a finite orbit point for
S, a contradiction.
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